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Grout heat capacity However, conventional analytical models for thermal response tests (TRTSs), such as the infinite
Ground source heat pump line-source (ILS) and infinite cylindrical-surface-source (ICSS) solutions, neglect grout heat
Borehole heat exchanger storage, leading to systematic bias during early heating periods. This study develops an

Analytical solution analytical composite cylindrical source (CCS) model that explicitly accounts for the volumetric

heat capacity of the grout (defined generically herein to denote borehole filling materials,
including silica-sand backfill). The closed-form formulation reproduces Laplace-transform finite-
difference simulations within 0.1 °C and demonstrates excellent agreement with a distributed
TRT conducted on a 54 m borehole. The CCS model reduces the root-mean-square error
from 0.163 °C (ILS) to 0.116 °C, resolves meter-scale stratification, and yields practically
stable estimates of thermal conductivity and heat capacity using 48-50 h of data. A Bayesian
uncertainty analysis reveals a ‘transition zone’ around 42 h, suggesting that tests should
extend beyond this period to avoid false convergence, but need not extend to 72 h for
engineering purposes. Sensitivity analysis indicates that grout heat capacity governs early-
time temperature response, whereas ground conductivity dominates later stages. The results
show that incorporating grout heat storage significantly improves TRT interpretation accuracy
and allows test duration to be shortened without compromising reliability, offering a practical
framework for field-scale thermal characterization in GSHP design.

1. Introduction

The rising demand for sustainable energy has increased interest in underground thermal energy storage for long-term thermal
management [1]. Common applications include district heating, industrial site heat recovery, and ground source heat pumps, which
rely on subsurface thermal exchange [2,3]. Borehole thermal energy storage and ground source heat pumps are of particular interest
due to their use of stable underground temperatures for heating and cooling [4,5]. System performance depends on the borehole heat
exchanger (BHE), which transfers heat between the circulating fluid and the ground [6]. Accurate estimation of key BHE thermal
parameters, such as thermal conductivity and volumetric heat capacity, is essential for optimizing borehole thermal energy storage
and ground source heat pump performance, as these parameters control subsurface heat transfer efficiency [7,8].

The thermal response test (TRT) has become the standard in-situ method for estimating subsurface thermal properties by applying
a constant heat load to the circulating fluid within a BHE and analyzing the temperature response over time [9,10]. Mogensen
[11] was the first to apply the infinite line source (ILS) model, originally developed by Jaeger and Carslaw [12], to interpret
TRT data. The ILS model, widely adopted due to its computational simplicity and analytical tractability [13], relies on idealized
assumptions, including an infinitesimally small borehole radius and uniform heat flux. The infinite cylindrical surface source (ICSS)
model incorporates the effect of finite borehole radius to characterize radial temperature decay in cylindrical coordinates [14].
Although the ICSS model represents the borehole geometry more faithfully [15], its added complexity and continued neglect of
grout thermal properties can degrade early-time fits [16,17]. Practitioners therefore still rely on the ILS model for short-duration
interpretation even though it omits finite-radius effects. Additional analytical solutions have been developed to address varying
boundary conditions and configurations, including the moving line source model for groundwater advection [18] and the finite line
source model for surface temperature influence [19-21]. These solutions target longer operation periods, whereas short-duration
TRTs typically experience negligible groundwater or surface effects [15]. Consequently, the ILS and ICSS models remain the most
widely used for interpreting TRT data.

Despite these advancements, existing analytical models often neglect the thermal properties of the grout or backfill material [22],
which significantly influence the early-time temperature response during TRT [23,24]. Previous studies have addressed this
limitation by modeling TRT as a two-zone problem, solving separate partial differential equations (PDEs) for the grout and the
ground [25-27]. Approaches based on Green’s functions [25] or numerical models [28] have also been used to better approximate
the actual TRT configuration. However, these methods often result in complex integral expressions or require numerical time-
stepping schemes that lack the unified G-function structure familiar to practitioners. Consequently, they are less computationally
efficient for inverse analysis compared to closed-form solutions and are difficult to integrate with standard optimization algorithms.

To address this limitation, a composite cylindrical source (CCS) model is developed, incorporating grout (or backfill) heat
capacity directly into the inner-boundary condition of the TRT formulation. The resulting closed-form solution can be expressed as
a modified G-function, allowing direct integration into existing design charts and simulation tools used by ground-source heat pump
practitioners, while maintaining analytic efficiency. The CCS G-function is verified against Laplace-domain finite-difference results,
benchmarked against the classical ILS and ICSS models, and subjected to [29] sensitivity analysis to identify the most influential
thermal properties over time. A field application at National Taiwan University further demonstrates that stable parameter estimates
can be achieved from substantially shorter TRT records when using the CCS formulation.

2. Methods
Methods comprise four components: derivation of the composite cylindrical source solution, numerical and experimental

validation, global sensitivity analysis, and field deployment on a distributed TRT. Each subsection details one component so that
the analytical development, benchmarking, and application steps can be followed sequentially.
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Fig. 1. Schematic diagram of the borehole heat exchanger in the proposed model for thermal response test.

2.1. Model development and analytical solution

The borehole heat exchanger configuration is illustrated in Fig. 1 within a homogeneous ground that extends infinitely in the
vertical direction. The BHE is modeled as a cylindrical surface source with a constant heat injection rate, ¢ (W/m), and a finite
borehole radius, r, (m). Because temperature is assumed to vary only with radial distance from the borehole wall, rather than
with depth or azimuthal angle, the full three-dimensional conduction problem collapses to a single radial dimension. The governing
equation therefore becomes

oT 10 0T

&5 k5

where T is the uniform temperature (°C) in the ground, r is the radial distance from the center of the borehole (m), and ¢ is time

(s). The parameter C, denotes the volumetric heat capacity of the ground (Jm=3 °C~1), and k, is the thermal conductivity of the
ground (Wm~! °C~1). We assume an undisturbed ground temperature T;, (°C), giving the initial condition:

), (r.1) € [ry. 00) X [0, 00), )

Tz = To. )

At the borehole surface, an energy balance is applied to account for thermal storage within the borehole. Although many TRT
applications use cementitious grout, the field site examined here employs a silica—sand-based fill material. For consistency with
conventional TRT terminology, this material is hereafter referred to as “grout”. The boundary condition at r = r; is therefore:

aT aT
Sar =—q + 7n7C, =— R 3)

2rryk
r=ry b8 o r=ry

where C, is the volumetric heat capacity of the grout (i.e., our silica—sand-based backfill) (J m~3 °C~1). At an infinite radial distance,
we impose:

aT

Ll =0.

or s “4)

Applying the Laplace transform to these equations yields
— 1d/ dT
CS(ST_TO)_ks;E(rE)’ (53)
dT q =
2mryky . =-<+ 7y Cy(sTlyoy, = To)s (5b)
and

T

_— = 0, 5

dr r—oo ( c)
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Table 1
Comparison of existing analytical solutions and their inner boundary conditions.
Analytical solution Inner boundary condition
Infinite line source (ILS) [35] 2mrk, % o= "4
Infinite cylindrical surface source (ICSS) [35] 2k ';l =—q
" Ar=r,
composite cylindrical source (CCS) (This study) 2zryky ‘;l =—q+ 7rr§CK %
r Ar=r, r=r,

where the overbar denotes that the function is expressed in the Laplace domain, and s is the Laplace variable.
Solving Eq. (5a) subject to the boundary conditions (5b)-(5¢) gives:
qaKo(4r) Ty

T= + —, 6a
71l C, 2 Ko(Ary) + 2k mrys AK,(Ar,) s (62)

with

:. (6b)

Unlike composite (multi-zone) TRT models that solve separate PDEs for the grout and formation, thereby requiring coupled
numerical solutions or complex eigenvalue expansions, we embed grout heat storage as a lumped capacity in a dynamic Robin
boundary condition at r = r, (Eq. (5b)). This formulation reduces the problem to a single-domain equation, yielding a tractable
closed-form solution akin to the classical line source but with a modified kernel. As validated against the rigorous two-zone finite
difference benchmark in Section 2.2 (Fig. 3), this lumped approach reproduces the full radial gradient behavior with negligible error
for standard borehole geometries, effectively balancing physical accuracy with analytical efficiency. The grout enters only through
the extra Cgs2 term in the denominator of Eq. (6a), recovering ILS/ICSS as C, — 0. Consistent with standard TRTs, we prescribe a
line heat rate g and do not resolve an in-tube transfer model; if a mean fluid temperature is needed, it can be obtained a posteriori
via a borehole/tube resistance, in line with classic practice [30,31].

The inverse Laplace transform of Eq. (6a) gives the time-domain solution:

o (1 — —ﬁz/‘“‘b o
7o Zan / (1-e )
0

= a4 T (7a)
where
Cs C»‘ I‘i
r,:c—g, ub—4kst, (7b)
s=a(Z2) w2 - (E5) pasp - 20010, 70
b b
2 2
a9 = [p5p-200,0) + [P0 2074 (7d)

This solution shares a similar analytical form to that presented in Papadopulos and Cooper [32] for well hydraulics problems.
The temperature at the borehole surface, T'(r;, 1), follows by setting r = r, in Eq. (7a):
o 82 [ (1=t
T(rb,t) = k_s F A W dﬂ + TO' (8)

Although this expression contains an improper integral, it can be evaluated very efficiently by numerical quadrature: mapping
(0, ) to a finite interval and using high-accuracy rules (e.g., double-exponential/tanh-sinh or Gauss-Laguerre) or adaptive infinite-
interval routines (e.g., QUADPACK QAG]I) yield geometric (often exponential) convergence to the prescribed tolerance, making the
computation both robust and fast [33].

Finally, the mean temperature of the fluid from the CCS model, T s includes the effect of borehole thermal resistance:

T =T(ry,1) + qR, (C)]

where R, is the effective borehole thermal resistance. Following [34], one can define:

1 1

R, = Inf— ), (10)
b= 2x k, (ﬁ )

with k, denoting the thermal conductivity of the grout (i.e., silica-sand fill in our field site), and »n the number of pipes in the

borehole. In addition, we summarize inner boundary conditions used in the ILS, ICSS, and proposed CCS models in Table 1.
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2.2. Model validation

To validate the analytical solution derived in this study, a numerical solution is constructed using a Laplace transform finite
difference (LTFD) method coupled with the Stehfest inversion algorithm [36] applied to Eq. (5). One key advantage of the LTFD
method is that the traditional stability and accuracy issues associated with discretization of the time derivative in transient analyses
become irrelevant, as the time derivative is not explicitly discretized. Consequently, LTFD allows an unlimited time step size
without loss of accuracy, offering superior accuracy and stable, non-increasing round-off error. This approach significantly reduces
computational efforts, typically requiring only one numerical inversion step, as opposed to multiple time-stepping procedures
employed by conventional finite difference methods [37].

A uniform radial mesh discretization scheme is adopted, dividing the domain from the borehole radius r, to an outer radius Ry,,4
into N segments, resulting in N + 1 nodes. The radial coordinate at each node is defined as:

R

—r
r,.:r,,+ima"T”, i=0,1,...,N 1)

The finite difference discretization of the governing equation at an internal node i is given by:
a T 4 b, T +¢TH =0, 1<i<N-1 12)

with coefficients defined as:

k, kK, 2k, k, kK,
= - h=-"2_Cgs, ¢= 13
4T AR 2r; Ar ! Ar2 s AT g0 2r; Ar (13)
At r =r;, (i =0), the inner boundary condition is discretized as:
F1 _ 40 _
<27zrbk5 r-1 > =-14 TH'%CESTO 14)
N
which rearranges to the following linear form:
- - 2xryk
@+ T =T =4 ¢ =05 g = 20,5 (15)
s Ar 8

At the outer boundary (i = N), a no-flux condition (dT /dr = 0) is applied as:

™ -TVN"1=0 (16)
The resulting linear system is written in a compact matrix form as:

M(s)T(s) = b(s) a7

where M(s) is an (N + 1) x (N + 1) sparse coefficient matrix, T(s) is the unknown nodal temperature vector in the Laplace domain,
and b(s) is the corresponding right-hand-side vector. This linear system is solved efficiently using a sparse linear solver to obtain
the solution T(s).

To convert the transient temperature solution in the real-time domain, Stehfest algorithm can be employed for numerical inver-
sion of the Laplace transform. The Stehfest inversion approximates the inverse Laplace transform via the following expression [36]:

n
T(ry.1) ~ ¥ VT (r,,,

i=1

iln2> 18)

t
where the Stehfest weights V; are calculated using factorial expressions.

The validity of the proposed CCS analytical solution is established through a two-stage verification process using consistent
theoretical parameters: a borehole radius r, = 0.15 m, ground thermal conductivity k; = 2.5 W/m °C, ground volumetric heat
capacity C; = 2.0 x 10% J/m3 °C, initial temperature T, = 13.0 °C, and a heat injection rate ¢ = 50 W/m.

First, the mathematical correctness of the closed-form derivation was verified against a LTFD solution. The verification considered
three scenarios with varying heat capacity ratios (n = C;/C, = 0.5,1,2). As shown in Fig. 2, the CCS solution exhibits excellent
agreement with the LTFD results across all scenarios (RMSE < 0.1 °C), confirming the accuracy of the analytical formulation and
the numerical integration scheme.

Second, to assess the physical validity of the lumped-capacity assumption for the grout, the CCS model was benchmarked against
a rigorous two-zone finite difference (FDM) model. Unlike the CCS formulation, the FDM explicitly resolves the radial temperature
gradient within the grout (0 < r < r,) and accounts for its finite thermal conductivity (k, = 1.8 W/m °C). The FDM simulation
employed a fully implicit time-stepping scheme to ensure stability, with the spatial domain discretized into a high-resolution grid (20
nodes in the grout, 100 nodes in the soil) to capture the steep temperature gradients near the borehole wall. Fig. 3(a) demonstrates
that the temporal temperature evolution at the borehole wall and at radial distances of 0.30 m and 0.45 m matches the numerical
benchmark with negligible deviation. Furthermore, the spatial profiles in Fig. 3(b) confirm that the CCS model accurately captures
the temperature gradient near the borehole. This validates that the lumped-capacity simplification is physically robust for standard
borehole configurations.
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Fig. 2. Temporal distributions predicted by the proposed CCS solution and LTFD solution for n = 2, 1, and 0.5.
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Fig. 3. Validation of the CCS analytical model against a rigorous Two-Zone FDM benchmark using consistent parameters (r, = 0.15 m). (a)
Temporal evolution at various radial distances. (b) Spatial temperature profiles at t+ = 12,48,96 h. The agreement confirms the validity of the
lumped grout assumption.

2.3. Morris sensitivity analysis method

To quantify the influence of each parameter on the thermal response in space and time, the Morris screening method is
applied [29]. Compared with variance-based approaches such as Sobol methods [38], Morris offers similar insight into non-linear
and interaction effects while requiring significantly fewer model evaluations, providing a computationally efficient and sufficiently
informative approach for the analyzed time window [39]. This global sensitivity analysis method perturbs one parameter at a time
during sampling. The elementary effect for the kth aquifer parameter p, (i.e., C;, C,, or k) is defined as

T(t;py +4,) = T(t:py)

4,

EE () =

19

where 4, refers to the sampling value in the interval [1/(y — D),...,1-1/(y — D], defined as 4, = y/2(y — 1) [29]. The variable y
represents the number of discrete and equally spaced values a parameter or variable can take within a defined interval.

Two statistical measures, the mean absolute elementary effect (¢*) and standard deviation (¢), are employed to assess the
sensitivity of the model to each parameter. Specifically, x* quantifies the average impact of changing a parameter across its range
on the model output, indicating the overall effect of each parameter. Alternatively, c measures the variability of these effects across
different parameter levels, reflecting the presence of nonlinear interactions and dependencies between parameters on the model
response [29].
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The N is the total sampling number herein chosen to be 50. To assess the overall effect (denoted as y), this study utilized the
following measure to investigate the effect of a parameter on the thermal response:

=i @

Accordingly, the values of y, should be greater than zero.
2.4. Field experimental setup

A field experiment on the National Taiwan University geothermal test field demonstrates the practical applicability of the
proposed CCS solution. The test site (25.0143° N, 121.5401° E) covers approximately 100 m? and hosts a BHE constructed to
a depth of 54 m using a vertically installed double-U configuration composed of high-density polyethylene (HDPE) pipes (DN25;
outer diameter: 32 mm, inner diameter: 25 mm), selected for their high compressive strength, corrosion resistance, and ease of
handling. Although many TRTs employ cementitious grout, the test well uses a silica sand-based fill at this site. For simplicity
and consistency with standard TRT nomenclature, this fill is referred to as “grout” throughout this paper. Fiber optic cables are
attached to the pipe surface and connected to an AP Sensing distributed temperature sensing (DTS) system (model N4385B),
enabling continuous monitoring of subsurface temperature profiles during the TRT. For calibration, a double-ended configuration
is implemented following the approach described by [40], using the CTEMPs MATLAB DTS Toolbox (https://ctemps.org/data-
processing). The calibrated temperature accuracy is within +0.1 °C. The spatial resolution is 1.0 m. The fiber was fixed securely
to the depth-marked HDPE U-tube using cable ties and electrical tape, and depth tracking during installation yields an estimated
depth-positioning uncertainty of approximately 0.1-0.2 m. Because the temperature profile is relatively uniform along depth, this
positioning uncertainty has negligible impact on the thermal interpretation.

During drilling, ejected cuttings are collected and analyzed to construct a lithological column (Fig. 4). The stratigraphy is
summarized as follows: from the surface to 14 m, interbedded fine sand and silt; from 15 to 22 m, alternating silt and clay; from
23 to 43 m, interbedded clay, silt, and gravel; from 33 to 47 m and 50 to 54 m, thick clay layers; and from 48 to 49 m, a gravel
layer. Based on literature values, the saturated thermal conductivity of these materials typically ranges from 1 to 2 W/m °C [41-44].
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Fig. 5. Spatiotemporal temperature distribution along the borehole measured by DTS during the 72 h TRT. The dashed line marks 15 m depth,
above which data are excluded from inversion due to seasonal surface-temperature influence.

Additionally, the thermal conductivity of the silica sand-based grout (k,) is measured as 2.61 W/m °C using a KEM QTM-700 thermal
property analyzer. These measurements anchor the inversion and keep the CCS-derived parameters physically realistic. Although
the facies are interbedded, their saturated thermal conductivities fall within a narrow range (approximately 1-2 W m~! °C~1), with
volumetric heat capacities that scale proportionally. At the meter-to-tens-of-meters scale relevant to radial heat diffusion during a
TRT, these small contrasts act as an effective medium, so the bulk response can be represented by a single set of homogeneous
parameters; the values obtained from the CCS inversion may therefore be regarded as equivalent thermal properties.

The TRT is conducted from 9 to 15 April 2024, applying a constant heat load of 2.5 kW with a circulating water flow rate of 15
L min~! for 72 h, which is sufficient for the borehole and surrounding formation to approach near-equilibrium thermal conditions.
Temperature profiles are continuously recorded to characterize the in situ thermal behavior of the BHE system. Vertical temperature
profiles are also acquired using distributed temperature sensing (DTS) to evaluate the distribution of temperature changes along
the borehole depth. The collected field data serve as a benchmark for validating the proposed CCS model, demonstrating how the
analytical solution performs under realistic stratification before assessing shortened test durations. The spatiotemporal distribution of
the recorded TRT data appears in Fig. 5. Elevated temperatures near the surface suggest potential influence from surface temperature
fluctuations.

Based on the range of thermal properties reported in the literature for similar lithologies [41-44], a nominal thermal diffusivity
of a ~ 8.33 x 107 m? /s was assumed. Using this value, the annual thermal damping depth was calculated as dyoar = V20 /0 = 2.89
m, where o is the angular frequency of the annual cycle. According to linear heat conduction theory, the amplitude of surface
temperature fluctuations decays exponentially as exp(—z/d,,,,), where z is the depth. Consequently, at a depth of 4d ,,, (= 11.6 m),
the amplitude is attenuated to e=* ~ 1.8% of the surface value. Therefore, a cutoff depth of 15 m was selected to conservatively
exclude seasonal ambient temperature effects from the analysis.

To determine the thermal properties of ground (i.e., k; and C), the differential evolution algorithm [45] is utilized for parameter
estimation, aiming to minimize the discrepancy between observed temperature data and the analytical model predictions. The
objective function is defined as the sum of squared residuals between the observed temperatures and those predicted by the proposed
CCS model. Specifically, the parameters to be estimated are k,, C,, and C,. The objective function, F,;, is formulated mathematically
as:

M 2
Foy + min, 30 (T =73) (22)
m=

where Ts(i'r"l: is the simulated temperature at the mth measurement point, Té’;’s) is the observed temperature, and M represents the
total number of observations.

The parameter bounds are carefully selected based on physically realistic ranges from the literature and engineering judgment.
Parameter k is constrained between 0.1 and 5.0 W/(m °C), while C ranges from 1.0 x 10° to 9.0 x 10 J/(m? °C). Similarly, C, falls
between 1.0 x 10° and 9.0 x 10° J/(m? °C). The differential evolution optimization algorithm is implemented using the “best/1/bin”
strategy, characterized by mutation factors ranging between 0.3 and 0.8 and a crossover probability of 0.6. This configuration



H.-W. Wang et al.

Case Studies in Thermal Engineering 78 (2026) 107695

1 1
= 25.04(a) i < 67(b) SN
@) ’ 1 2. , \ :
— i Y37 / N\ 142
~ 22.5 1 i % A / \\ il]?
) —— CCS solution T / \
£ 2001 . ! © A CCs - ILS\ 1~
o Al IEEEEE ILS solution i = / i
= | £ 31 4 —=- CCS-ICsSy
© ICSS solution ! © e N
5 175 L 0ol RN N
Q 1 > e RN
1S ! e I R AN
& 15.0 i o 1 AN
A : ) R
175 p===smmmmT i Y SRR eSS
1072 1071 100 10! 102 103 1072 1071 100 10! 102 103

Elapsed time, t [hr] Elapsed time, t [hr]

Fig. 6. (a) Temporal distributions of borehole temperature predicted by the proposed CCS kernel (Eq. (23)) and by the classical ILS (Eq. (24))
and ICSS (Eq. (25)) solutions, and (b) temporal distributions of relative difference with respect to the CCS solution. The dashed vertical line
marks ¢ = 51,, the upper bound of the short-time regime suggested by Li and Lai [15].

balances exploration and exploitation in the global search for optimal parameters. The population size and convergence criteria are
carefully set to ensure the robustness of results and computational efficiency. The stochastic, population-based search of differential
evolution diversifies trial solutions and thus helps the optimizer escape local minima, a property that has made differential evolution
a standard choice for non-linear, multi-parameter inverse problems. Comparisons presented later in this study show that the resulting
optimized parameters provide improved accuracy and robustness compared to existing analytical models (e.g., ILS and ICSS). The
next subsection therefore evaluates the analytical solution against numerical benchmarks before comparing it with established TRT
kernels.

3. Results and discussion
3.1. Comparison of existing solutions

The CCS kernel is benchmarked against the classical ILS and ICSS G-functions to quantify relative performance. In TRT studies
it is customary to express the wall temperature rise as ¢qG(t), where the G-function isolates the transient ground response from the

heating rate g [46]. Using this normalized form makes it easier to compare different analytical solutions and to scale results to
arbitrary heat loads. For the present model, the G-function that includes grout (or backfill) heat capacity is

—p2/4u
1 842 oo(l_eﬁ/b)
Gy() = — — ——~dp. 23
W= ran 7 @
On the other hand, the G function of the classic ILS model can be expressed as:
- R
Gus® = 47szEl(4nt)’ (24)

where Ei(-) is the exponential integral function. The G function for the ICSS model is typically given by the integral form

1 ® 1 —exp(—n p21)
2k, /0 T
in which Jy(-) denotes the Bessel function of the first kind of order zero. Both ILS and ICSS solutions ignore the volumetric heat
capacity of the grout inside the borehole, leading to certain limitations for short-time/high-frequency thermal response analysis.

CCS predictions capture the short-time temperature evolution more accurately than the ILS and ICSS models, as illustrated in
Fig. 6 using (a) semi-log and (b) log-log time scales. The vertical dashed line in each subplot marks r = 5¢,, where ¢, = rng [k
defines the short-time range in which grout heat capacity significantly influences the borehole temperature response [15].

Fig. 6(a) shows that prior to # around 5¢,, the three solution predictions diverge: the ILS curve lies lowest, the ICSS highest, and
the CCS result falls in between, closely tracking the measured temperatures. The lower ILS temperatures result from the neglect
of grout heat storage in the model, while the elevated ICSS values stem from its finite-cylinder boundary condition which, in the
absence of a capacity term, transfers more heat into the formation at early times. By explicitly incorporating grout volumetric heat
capacity, the CCS model more accurately captures the initial temperature rise. Fig. 6(b) plots the relative difference |AT'|/T¢cg (%)
between the CCS prediction and the two classical models. The discrepancy peaks when ¢ is close to 7,, reaching about 2%-3% for
the ILS curve and 6% for the ICSS curve. It then decays roughly as 1/ Inz¢, falling below 1% once 7 exceeds 57,.

This confirms that + = 57, serves as a critical physical threshold delineating the short-time regime. Within this window
(t < 51,), where grout heat capacity dominates the thermal response, the proposed CCS model provides the most significant accuracy

Gicss() = Jo(Bry)dp, (25)
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Table 2

Estimated parameters and RMSE against field data for the CCS, ILS, and ICSS solutions in the heating phase.
Solution k; (W/m ° Q) c, MJ/m* ° C) C, (MJ/m*® ° C) RMSE (° C)
CCs 1.00 2.30 1.60 0.12
ILS 1.20 1.44 - 0.16
ICSS 0.76 5.00 - 0.25

gain over conventional solutions. Beyond this threshold, the grout capacity effects diminish, and all models converge toward the
formation-dominated behavior.

3.2. Results of sensitivity analysis

To investigate how the borehole temperature responds to variations in C;, C,, and k,, a Morris global sensitivity analysis is
conducted. As shown in Fig. 7a, u* for k, rises sharply with increasing time, indicating that thermal conductivity increasingly
dominates the overall temperature response at longer horizons. In contrast, C, exerts a moderate influence in the early to
intermediate periods but eventually diminishes in significance, as its short-term buffering effect on borehole temperature becomes
less critical once the system transitions toward a more steady-state behavior. The parameter C, maintains a non-negligible role
throughout, with a gradual rise in y4* from 10% hr to about 103 hr. Fig. 7(b) further illustrates these trends with the standard deviation
o, confirming that both k, and C, develop stronger nonlinear or interaction effects at late times, whereas C, shows a pronounced
but narrower influence window before leveling off. These findings imply that for short-term (hourly to daily) operation or design
scenarios, one should pay close attention to both C, and C;.

3.3. Depth-averaged parameter estimation and uncertainty analysis

Parameter estimation was performed using the differential evolution algorithm on the 72-hour heating phase data, using the
spatially averaged temperature across the entire borehole depth (15-54 m). This depth-averaged approach serves as a baseline to
evaluate model accuracy and to determine the necessary test duration before analyzing stratigraphic details. Three analytical models
were examined: (1) the proposed CCS solution, explicitly incorporating grout thermal capacity; (2) the ILS model; and (3) the ICSS
model. During the 72-hour heating phase, three parameters were estimated for the CCS solution: k, C;, and C,. Table 2 summarizes
the estimated parameter values along with the corresponding RMSE against the observation data from the field experiment. Overall,
the CCS solution achieved the lowest RMSE (0.12 °C), confirming that explicitly modeling the grout thermal capacity improves
short-term accuracy compared to existing analytical solutions.

The temporal distribution of temperature rise (T — T;)) predicted by the three models is shown in Fig. 8. The CCS curve closely
matches the measured data, particularly at early times, and outperforms the ILS and ICSS models. The CCS solution reduces error
by 50% relative to ICSS and by 25% relative to ILS, while avoiding the overestimation of k; and underestimation of C, caused by
neglecting grout heat capacity.

Traditionally, a 72-hour duration is recommended for TRT [47,48], largely because most analytical interpretations rely on the
late-time behavior of the ILS solution. To quantitatively evaluate the minimum required test duration for the proposed CCS model,
we performed a Bayesian uncertainty analysis. We introduced a sensitivity-weighted relative uncertainty index, R(7), to quantify the
overall reliability of the parameter estimates weighted by their physical significance. Fig. 9 illustrates the evolution of the estimated
parameters and the R(7) index with increasing test duration.
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Fig. 10. Depth-resolved (a) thermal conductivity k; and (b) volumetric heat capacity C, inferred using the proposed CCS solution (Eq. (23)), ILS
solution (Eq. (24)), and ICSS solution (Eq. (25)).

As shown in Fig. 9(d), the uncertainty evolution reveals a complex dynamic that challenges simple convergence criteria. The
R(¢) index initially drops to a local minimum at 7 = 30 h, which might be mistaken for early convergence. However, this is followed
by a sharp rebound, reaching a peak at ¢ ~ 42 h. We identify this as the decoupling peak, corresponding to the physical transition
where the heat pulse passes from the grout-dominated regime to the ground-dominated regime. During this transition, the parameter
sensitivities overlap, maximizing the correlation and uncertainty.

Crucially, once the test duration exceeds this peak, the uncertainty decreases rapidly. At t = 48 h, R(z) falls into the engineering
acceptable zone (< 15%). While extending the test to 66 h would further reduce R(r) to below 10% (strict statistical convergence),
the marginal improvement in parameter accuracy is minimal compared to the operational cost of the additional 18 h. Therefore,
we identify 48-50 h as the practical optimal duration. This duration ensures that the analysis has robustly passed the high-risk
transition zone and resolved the major trade-offs between grout and ground properties, thereby justifying a significant reduction in
test duration without compromising engineering reliability.

3.4. Depth-resolved parameter estimation

Having established the accuracy and optimal duration of the CCS model based on depth-averaged behavior, we now extend the
analysis to resolve vertical heterogeneity. A distributed TRT employs DTS to record temperature variations along a borehole during
the field test, enabling depth-specific characterization of ground thermal properties [49]. This method permits estimation of ground
thermal conductivity and borehole thermal resistance as functions of depth, contributing to a more detailed assessment of subsurface
conditions. The vertical profiles of thermal conductivity k; and volumetric heat capacity C, derived from the CCS formulation, as
well as the ILS and ICSS approaches, are presented in Fig. 10. The RMSE across 54 individual inversions is 0.116 °C for the CCS
solution, 0.163 °C for the ILS solution, and 8.73 °C for the ICSS solution. Given that the RMSE of the ICSS solution is approximately
two orders of magnitude higher, it is excluded from further consideration.

The CCS solution resolves modest but systematic vertical stratification. Thermal conductivity increases gradually from 0.90
Wm™! °C! at 5 m to approximately 1.05 W m~! °C~! at 50 m, with local minima at 6 m, 17 m, and 29 m corresponding to
silt—clay interbeds identified in borehole cuttings. In the clay-with-gravel-and-cobbles interval between roughly 23 m and 32 m, the
profile exhibits the opposite trend where k increases while C; decreases, analogous to the typical behavior of hydraulic conductivity
rising as specific storage declines in coarser, better-drained materials [50]. Overall, C, increases from approximately 2.0 x 10% J
m~3 °C~! near the surface to 3.4 x 10° J m=3 °C~1 at depth, consistent with the effects of increasing overburden pressure, greater
bulk density, and higher water saturation in deeper sand—gravel units. In contrast, the ILS inversion produces nearly uniform values
of k, =125 Wm™! °C™! and C, = 1.5x 10° J m~3 °C~! along the borehole, overestimating conductivity and underestimating heat
capacity relative to both the CCS estimates and laboratory needle-probe data. Because the ILS model neglects grout heat storage, it
compensates by inflating k,; during the early heating phase (Fig. 10a), which subsequently leads to underestimation of C, at later
times (Fig. 10b).

The inferred grout heat-capacity profile shown in Fig. 11, while broadly uniform at approximately 1.3-1.7 x 106 J m™3 °C™1,
exhibits minor deviations from flatness. A gradual increase between 20 m and 35 m aligns with a borehole enlargement indicated
by caliper logs and cuttings; this localized widening would accommodate more backfill per meter, yielding a moderate increase in
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Fig. 11. Grout/backfill volumetric heat-capacity profile C, obtained with the proposed CCS model (Eq. (23)).

bulk grout mass and thus higher C,. Shallower undulations, within +10% of the mean, may arise from density variations during
tremie-grouting, segregation or bleed-water loss, or drilling-induced wellbore skin effects that modify thermal contact between grout
and formation. Although these variations are minor relative to the average, they are unlikely to influence depth-averaged TRT
interpretation. Nonetheless, their distinct expression in the DTS-based inversion highlights the sensitivity of the CCS framework to
subtle near-borehole heterogeneity.

Overall, the distributed TRT confirms that the test site is only mildly heterogeneous and that apparent model differences dominate
over genuine stratigraphic variability when grout heat storage is neglected. Nevertheless, the CCS model ability to resolve meter-scale
variations in all three parameters while retaining the lowest RMSE underscores the practical value of including grout capacity in
the inner boundary condition of analytical TRT solutions.

3.5. Performance summary, limitations, and practical implications

To synthesize the findings from both the theoretical benchmarking and the field application, Table 3 presents a comprehensive
comparison of the ILS, ICSS, and CCS models. This evaluation considers physical validity, computational efficiency, ease of use, and
quantitative accuracy based on the field test results.

While the ILS and ICSS models offer high computational speed, they suffer from significant limitations in physical accuracy,
particularly during the early heating phase. The ILS model systematically underestimates the temperature rise (RMSE = 0.16 °C),
while the ICSS model overestimates it (RMSE = 0.25 °C) due to the neglect of grout heat capacity. In contrast, the proposed CCS
model achieves the highest accuracy (RMSE = 0.12 °C) by physically resolving the grout thermal mass. Crucially, this gain in
accuracy does not come at the cost of usability; the CCS model retains a closed-form analytical structure that is computationally
efficient and easy to implement in standard engineering workflows.

Despite its demonstrated accuracy, the current CCS model relies on assumptions that define its validity range. First, the model
assumes radial homogeneity beyond the borehole wall. While the depth-resolved analysis (Fig. 10) successfully captures vertical
stratification by treating each depth slice independently, strong radial heterogeneities or significant groundwater advection would
require extending the kernel to a moving source or composite-medium formulation. Second, vertical heat transfer is assumed to be
negligible. This assumption is valid for deep boreholes (L > r,) and short-to-medium test durations where the thermal diffusion
length remains small relative to the borehole depth. However, for very shallow systems or tests extending over extremely long
periods, end effects may become significant, necessitating a 2D finite-line source correction. Future work will focus on incorporating
these factors while retaining the computational efficiency of the analytical framework.

4. Conclusion
This study develops the CCS analytical TRT solution, which reproduces Laplace-transform finite-difference benchmarks within
the accuracy of 0.1 °C. The model’s validity was further confirmed against rigorous two-zone numerical benchmarks, proving the

robustness of the lumped-capacity assumption. Field application demonstrates that the CCS model reduces depth-resolved RMSE
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Table 3
Comprehensive comparison of the ILS, ICSS, and CCS models based on theoretical characteristics and field
performance.
Metric ILS model ICSS model CCS model (Proposed)
Physical Validity
Geometry Line Source Hollow Cylinder Solid Cylinder
Grout Capacity (C,) Neglected Neglected Included
Performance (Field)
Early-time Bias Underestimation Overestimation Minimal
RMSE (Depth-Avg.) (°C) 0.16 0.25 0.12
RMSE (Depth-Resolved) (°C) 0.163 8.73 0.116
Practicality
Computational Speed Very High High High
Ease of Use High Moderate Moderate

to 0.116 °C, compared with 0.163 °C for the ILS and more than 8 °C for the ICSS (Fig. 8). By embedding grout volumetric heat
capacity in a closed-form G-function, the model resolves meter-scale variations in k, C;, and C, consistent with borehole lithology,
indicating that storage effects can be separated from stratigraphic heterogeneity.

Bayesian uncertainty analysis revealed a ‘decoupling peak’ in parameter uncertainty at approximately 42 h, marking the
physical transition from grout- to ground-dominated heat transfer. Tests shorter than this duration risk false convergence. However,
immediately following this peak, the weighted uncertainty drops to engineering-acceptable levels (<15%) by 48-50 h. This
identifies a practical optimal test duration that ensures physical robustness while offering significant time savings compared to
the conventional 72 h requirement.

Because the current axisymmetric formulation neglects vertical conduction, caution is required for shallow boreholes or sites
affected by surface-temperature variability. Future work will include vertical heat flux, radial heterogeneity, and groundwater
advection, and will integrate the kernel into real-time Bayesian inversion to further reduce field-test duration and accelerate
deployment of ground-coupled energy systems.
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